Generally, we assume that the ancestral populations are homogeneous, and 3 recombination among segments from the same ancestry does change the length of the 4 tracks, but it is not "observable" to us, thus the length of tracks seems unchanged, and 5 only these recombination events among different ancestries produce "observable" 6 changes. ( Figure S1 ) Here we explicitly take these "unobservable" changes into 7 consideration and adjust the recombination rate accordingly as following. (POOL and NIELSEN 2009; GRAVEL 2012) . Therefore, we are also 2 interested in the conditional length distribution of ancestral tracks longer than a 3 specific threshold
With the length distribution of ancestral tracks (Formula (5)), we can easily deduce 5 the expectation and variance of 
Then the estimator of
where ‫ܯ‬ satisfies the properties in the above subsection.
5
However, with the increase in the number of parameters, it is complex and 6 time-consuming to find the optimal solution and too many parameters could lead to 7 over-fitting. In a real situation, we can propose several candidate models with prior 8 knowledge in which the number of parameters is dramatically reduced, thus the 9 problem is simplified to estimating parameters for each candidate model and selecting LRT to select the model; otherwise we use AIC. In this subsection, we demonstrate that, with the length distribution of the general For simplicity, we define the ancestral population with the minor ancestry 1 0 contribution as population 1, and the corresponding proportion is ݉ . For the HI 1 1 model ( Figure S2 [A]), the ancestry proportions from population 1 and population 2 at
Then the length distribution of ancestral tracks from population 1 is
We can also get the expectation and variance of the length of the ancestral tracks from 1 5 Formula (7) and Formula (8),
in Formulas (9), (10), and (11), we can obtain the length 1 2 respectively. These two distributions are identical to the ones in previous studies 1 (GRAVEL 2012; JIN et al. 2014 ).
2 For the GA model ( Figure S2 [B]), the ancestry proportions from population 1 and 3 population 2 at generation
. The expectation and variance of the ancestral tracks are
in Formulas (12), (13), and (14), we can get the length 7 distribution, expectation and variance of ancestral tracks from population 2, 8 respectively.
9
For the CGF model ( Figure S2 [C]), the ancestral population that contributes only 1 0 one pulse of gene flow is treated as a gene flow recipient and the one that contributes 1 1 continuously as gene flow donor. Here, we divide the CGF model into two 1 2 sub-models. If population 1 is a gene flow recipient, we denote it as a CGFR model;
1 3 otherwise we denote it as a CGFD model. In the case of a CGFR model, the ancestry proportions from population 1 and 1 5 population 2 at
. Then the length distributions of ancestral tracks from the two 1 ancestral populations are
The expectations and variances of the ancestral tracks are
In the case of a CGFD model, we just replace we find that the expectation ratio between population 1 and population 2 relies only
thus we provide an alternative way to obtain the estimator here we use AIC to select the optimal model. The value AIC can be calculated by the
where ݇ is the number of parameters and ‫ܮ‬ ௫
is the maximized value of the 1 7 likelihood function. The number of parameter of these models are the same, thus at 1 8 the end of the comparison, we find that the problem is equivalent to finding the model 1 5
with the highest likelihood. Thus, the model with the highest likelihood is chosen as 1 the optimal model, and the corresponding parameters as the final results. These 2 routines are implemented in our AdmixInfer. We also apply the bootstrapping parameters for the simulations were provided in Table S1 . in steps of 10% for the symmetric admixture models (HI and GA) and varied from 10% 2 0
to 90% in steps of 10% for the asymmetric admixture model (CGF). We set the populations were also recorded as previous simulations. Each simulation here was 1 repeated 10 times and, in total, 4,200 simulations were carried out under HI, GA and 2 CGF models. AdmixInfer was applied to the simulated data with the default settings;
3 the results were recorded and summarized.
4
In real situations, we could only accurately infer the ancestral tracks longer than a 5 specific threshold due to methods' limitations in local ancestry inferences. To make 6 our method more feasible to real cases, we also evaluated the robustness of our 7 method under different thresholds ranging from 0 centi-Morgan (cM) to 2 cM in step 8 of 0.1 cM, with the dataset simulated in previous evaluations. 9 We also evaluated the performance of AdmixInfer with different sample sizes. We the simulated dataset without discarding short tracks.
1 5
Finally, we tested the performance of our method with data simulated by real ancestry and 70% CEU ancestry) with admixture time 10, 20, 50 and 100 generations. Here we simulated with the data of chromosome 1 and sampled 25 "individuals" at With the derived ancestral tracks, AdmixInfer was used to select the optimal model 1 and estimate generations accordingly with the tracks longer than 1 cM. admixture time accordingly with the tracks longer than 1 cM. We also performed 1 7
bootstrapping 100 times to obtain confidence of model selection, and calculated the 1 8 95% confidence intervals of the generations inferred. With the extensively simulated data, we could systematically evaluate the and CGFD models under different admixture proportions and different admixture 1 8 times were shown in Figure S3 . We found that the simulations in which our method 1 9
could not distinguish the right ones were mostly observed in these simulations with 2 0 very recent admixture times and small admixture proportions ( Figure S3 and Table   2  1 S2-S6). We also found that almost all CGFR models were only wrongly distinguished 2 0
as HI models, and GA models as CGFD models (Table S6 ). This is also reasonable, 1 because the CGFR model is close to the HI model, so that CGFR model is more likely 2 to be distinguished as a HI model. The same reason applies for that the GA model 3 being wrongly distinguished as the CGFD model.
Note that there were only two parameters ݉ and ܶ for the three typical models.
5
Our method also performed well in estimating parameters meaningless, and thus should be discarded. Results showed that our method can 1 1 estimate admixture times with high accuracy (Figure 3 , Figure S4 -S7, and Table   1  2 S2-S5). For HI and CGFD models, results showed high consistency with the time these models that were simulated, the time estimated for a small proportion was less 1 5 accurate than that for a larger proportion. We defined the relative errors between true 1 6 admixture times and inferred admixture times as
where ܶ is the true admixture time and ܶ is the estimation of the admixture time. Under the situation of a certain admixture proportion and a certain model, we defined 1 9
the average relative error ‫ܧ‬ ത on different values of admixture time as
We found that when the admixture proportion was 0.1, the relative errors of CGFR 1 and CGFD were 6.43% and 5.89%, respectively. For the other cases, the relative 2 errors were all less than 4% (Table 2 ). In conclusion, no matter the model selection or 3 parameters estimation, our method performed well.
4
Robustness for Different Thresholds 5
To test the robustness of our method for different thresholds, we tested our method 6 under different thresholds varying from 0 cM to 2 cM in steps of 0.1 cM. The results 7 showed that our method was robust to thresholds, except the GA model with a larger 8 time (Figure 4) . When a larger threshold is taken, less information is kept for ancient 9 admixture events. Although keeping all the information to estimate admixture times is 1 0 better, we must balance the trade-off between information and accuracy, because the 1 1 accuracy of local ancestry inference is not so good for short ancestral tracks due to 1 2 method limitations. Take HI for an example, the probability ‫‬ of ancestral tracks 1 3 larger than a specific threshold
Therefore, with an increase in threshold ‫ܥ‬ , less information is kept. Here, we To test the performance of AdmixInfer with different sample sizes, we evaluated the 1 models with 10, 20, 50, 100, 200, and 500 "individuals" (corresponding to 1, 2, 5, 10, 2 20, and 50 human samples). Results showed that AdmixInfer was insensitive to 3 sample sizes. Even with only one human sample, it could distinguish the right model 4 and estimate the admixture time with high accuracy ( Figure 5 ). However, considering 5 the accuracy of local ancestry, short tracks were usually discarded. The information 6 kept for extremely small sample sizes might not be sufficient to give a clear picture of 7 the history of a population. Therefore, relatively larger sample sizes were 8 recommended.
9
Error Analysis 1 0
When we use our method to infer the history of a real admixed population, there are 1 1 two kinds of errors that may influence the accuracy of inference. The first kind of 1 2 error is caused by the assumptions in deducing the length distribution of ancestral 1 3 tracks. In the derivation, for simplicity, we ignored the end of the chromosome and 1 4 the drift. For this kind of error, we have used the simulation data to demonstrate that 1 5 the accuracy of the inference was neglectable ( Figure 3 and Table 1 ). The second kind 1 6 of error is caused by the local ancestry inference. In our study, local ancestral tracks wrongly distinguished as a GA model (Table S8 ). We also found that for the case of 2 1 large admixture times, the error of local ancestry inference will cause underestimation 2 2 2 3 of admixture time. When the admixture time is large, the ancestral tracks will be short.
1 However, the method of inferring ancestral tracks cannot effectively determine short 2 tracks. Thus, it will influence the accuracy of our method in inferring admixture times 3 and model selections. inferred as a GA model and the admixture time was 12 generations ago (Table 3) . (522 years before present), which was also consistent with the time of the exploration (Table 3) proportions, but also showed the same admixture model and very close admixture to receive continuous gene flows from both European and East Asian ancestries.
1 7
These similarities also indicated a possible close relationship or shared histories 1 8 between these two populations.
1 9
In summary, our method showed good performance in inferring the admixture populations were more complex than expected. However, with our method, the 2 2 2 5 analysis could shed light on the mysterious histories of these populations.
In this work, we proposed a general model to describe the admixture history with 3 multiple ancestral source populations and multiple-wave admixtures. We showed the 4 length distribution of ancestral tracks and some of its useful properties under this 5 general model. We thus provided a theoretical framework to study population 6 admixture history. With the general framework, we focused on studying three special 7 cases of the admixture models (HI, GA, and CGF) and developed a method to 8 estimate the admixture proportion, admixture time and determine the optimal model 9 simultaneously. Our simulations showed that the theoretical distribution of ancestral 1 0 tracks was consistent with our theoretical prediction, and our method was precise and 1 1 efficient in inferring population history under three typical models.
2
In the efforts of model selection, we found that the simulations in which our 1 3 method was not able to determine the correct model, were mostly those cases with 1 4 recent admixture times and minor admixture proportions. The possible reason for 1 5
incorrect determination was that we ignored the chromosome ends in deducing the 1 6 theoretical length distribution. When the admixture proportion and times were small, 1 7 the chromosomes without "observable" recombination were over-represented in the 1 8 ancestral tracks. (Figure S8 ). Our further simulations showed that when the 1 9 chromosome length increased, the accuracy of our method was enhanced.
2 0
Furthermore, we note that the length distributions of ancestral tracks have no affect the time estimation. Simulations under different demographic models also 1 supported it ( Figure S9 ).
The efficiency of our method could also be influenced by the validity of the local 3 ancestry inference. To improve the reliability of the inference, we suggest using the 4 ancestral tracks longer than a certain threshold ‫ܥ‬ . However, when the threshold 5 became large, some ancient admixture information disappeared rapidly. In principle, if 6 short ancestral tracks could be precisely detected, our method is promising in 7 recovering even more ancient admixture history, such as the admixture between 8 modern human and Neanderthals (PRÜFER et al. 2014; SANKARARAMAN et al. 2014 ).
9
Though we proposed a general framework and relevant principles to infer the 1 0
population history under the general model, finding optimal estimation for parameters 1 1 is a challenging work with high dimensionality. Currently, our method implemented 1 2
in AdmixInfer is focusing on the three typical models. For the real admixed 1 3 populations, the admixture history is always complex, such as discrete multiple-waves 1 4
admixture. Under such circumstances, the length distribution of ancestral tracks under 1 5 the general model is still broadly useful and applicable. Therefore, based on this 1 6 framework, to infer more complicated admixture history is a problem to be solved in 1 7 the future. 
